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STRESSES AROUND RECTANGULAR CUT-OUTS IN SKIN-STRINGER 
• PANELS U?TDER AXIAL LOADS - II 
By Paul Kulm, John S. Duberg, and Simon Diskln 

SUMMARY 

Cut-outs in wings or fuselages produce stress con- 
centrations that present a. serious problem to the stress 
analyst. As a partial solution of the general problem, 
this paper presents formulas for calculating the stress 
distribution around rectangular cut-outs in axially loaded 
panels. The formulas are derived by means of the substitute 
stringer method of shear-lag analysis. . ..... 

In a prei^ious paper published mder tlie same title as 
the present one, the analysis had been based on a substitute 
structure containing only two stringers* The present 
solution is based on a substitute structure containing three 
stringejf'S and is m.ore complete as well as more accurate than 
the previous one. It was found that the results could be 
used to improve the accuracy of the previous solution 
without appreciably reducing the speed of calculation. 
Details are given of the three-stringer solution as well as 
of the modified two-stringer solution. 



In order to check the theory against experimental 
results, stringer stresses and shear stresses v/ere meas- 
ured around a systematic series of cut-outs. In addi- 
tion, the stringer stresses measured in the previous in- 
vestigation were reanalyzed by the new formulas. The 
three-stringer method was found to give very good accuracy 
in predicting the stringer stresses. The shear stresses 
cannot be predicted with a comparable degree of accuracy; 
the discrepancies are believed to be caused by local 
deformations taking place around the most highly loaded 
rivets and relieving the maximum shear stresses. 

INTRODUCTION 

Cut-outs in wings or fuselages constitute one of the 
most troublesome problems confronting the aircraft designer. 
Because the stress concentrations caused by cut-outs are 
localized, a number of valuable partial solutions of the 
problem can be obtained by analyzing the behavior, under 
load, of simple skin-stringer panels. A method for . 
finding the stresses in axially loaded panels withoiit cut- 
outs was given in reference 1, which also contained sug- 
gestions for estimating the stresses around cut-outs. In 
reference 2, these suggestions were put into more definite 
form as a set of formulas for analyzing an axially loaded 
panel with a cut-out (fig. 1). 
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Skin-stringer panels, although slnpler than complete 
shells, are highly indeterminate structures. In order to 
reduce the labor of analyzing such panels, simplifying 
^^^ assumptions and special devices may be Introduced. . The 

most important device of this nature used in reTerences 1 

and 2 is a reduction of the number of stringers, which is 
effected by combining a number of stringers into a sub- 
stitute single stringer. In reference 2, this reduction 
was carried to the extreme of using only tv/o substitute 
stringers, one for the cut stringers and one for the uncut 
stringers, to represent one quadrant of the panel v;ith a 
cut-out* The two-stringer structure can be analyzed very 
rapidly but, being somev/hat over-simplified, cannot give 
an entirely satisfactory picture. In particular, the two- 
stringer structure does not include the region of the net 
section; and consequently this structure neither shov/s the 
effect of length of cut-out nor gives a solution for the 
maximum stringer stresses. These maximum stresses must 
be obtained by separate assumptions. In addition, there 
is no obvious relation between the shear stresses in the 
actual structure and the shear stresses in the substitute 
two-stringer structure as used in reference 2. 

In order to obtain a more satisfactory basis of analysis 
than that of reference 2, formulas were developed for a 
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skin-stringer structure containing three stringers. At the 
saine time, a new experimental investigation v/as made con- 
sisting of strain surveys around a systematic series of 
cut-outs. Stringer strains as well as shear strains in 
the sheet were measured in these tests, whereas only 
stringer strains had been measured in most of the tests of 
reference 2. A study of the three-stringer method and of 
the new experimental results indicated that the accuracy of 
the two-stringer method could be improved by introducing 
some modifications which have no appreciable effect on the 
rapidity of the calculations. 

The main body of the present paper describes the ap- 
plication to a panel with a cut-out of a simplified three- 
stringer method of analysis as well as a modified tv/o- 
stringer method. Comparisons are then shown between 
calculated and experimental results of the new tests and 
of the tests of reference £. Appendixes A and R give 
mathematical details of the exact and of the simplified 
three-stringer m.ethods, respectively. Appendix C gives 
a numerical exam.ple solved by all methods. 

THBORT^TICAL ANALYSIS OP CUT-OUTS TIT AXIALIY 
LOADED SKIN-STRINGER PANT^LS 
General Principles and Assvu-iptions 

The general procedure of analysis is simiilar to the 
procedure developed for structures without cut-outs 



(reference 1) • The actual sheet-stringer structure is 
replaced by an idealized structure in which the sheet 
carries only shear. The ability of the sheet to carry 
normal stresses is taken into account by adding a suitable 
effective area of sheet to the cross-sectional area of each 
stringer. The idealized structure is then simplified by 
combining groups of stringers into single stringers, v/hlch 
are termed ^^substitute stringers"; this substitution is 
analogous to the use of "phantom members" in truss analysis. 
The substitute stringers are assm:ied to be connected by a 
sheet having the same properties as the actual sheets The 
stresses in the substitute sheet-stringer structure are 
calculated by formulas obtained by solving the differential 
equations governing the problem. (See appendix A.) Finally, 
the stresses in the actual structure are calculated from 
the stresses in the substitute structure. 

It v;ill be assumed that the panel is symmetrical about 
both axes; the analysis can then be confined to one quadrant. 
It is furtherm.ore assumed that the cross-sectional areas of 
the stringers and of the sheet do not vary spanv-zise, that 
the panel is very long, and that the stringer stresses are 
unlfom at large spanwise distances from the cut-out. 



S;;,nn'bols and Sign Conventions 
effective cross-sectional area of all continuous 
•stringers, exclusive of main stringer bordering 
cut-out, square Inches (fig. 2) 
Ag effective cross-sectional area of main continuous 

strin/;;er bordering cut-out, square inches (fig. 2) 
effective cross-sectional area of all discontinuous 
stringers, square Inches (fig. 2) 
A,,jL^ cross-sectional area of rib at edge of cut-out, 
square inches (fig. 2) 



B - 



K]_" -f + 2K - 



C stress-concentration factor (fig. 7) 

stress-excess factor for cut-out of zero length 



E Yoimg's modulus of elasticity, kips per square inch 

G shear modulus, kips per square inch 

Gt. 



^1 :^oi \^Ai Agj 



L 



J 



CO 



Gt- 



Pi 



' 1 



K - ^JK^J'Kq"^ - K3K4 

L half-length of cut-out, inches (fig. 2) 
Kl^ (Ki^ - 



Pq = 



P3 



P4 - 



M.(Xl2 - K2^) 




QjL force A^^a acting on str3.nf^er 1 at rib, kips 
Qg force A^a acting on stringer 2 at rib, kips 
R stress-reduction factor to take care of change in 
length of cut-out (fig* 4) 
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Xj^ difference betv/een actual force in k^^ (or A2) at 

the rib and the force Q^. '^-2)^ kips 

a v/idth of net section, inches (fig. 6) 

b half-v;idth of cut-out, inches (fig. 6) 

b]^ distance from A2 to centroid of (fig. 2) 

b2 distance from Ag to centroid of A3 (fig. 2) 



r2 = - 



^3 - - 



'-R - -'-R -• 
Gc 



t]_ thickness of continuous panel, inches (fig. 2) 

t2 thickneps of discontinuous panel, inches (fig. 2) 

X spanwise distances, inches (For origins, see 

figs. 2 and 6.) 

y chordwiso distances, inches (For origins, see fig. 2.) 



^1 = v 



c 



average stress in the gross section, kips per square 
inch 

0^ stress in continuous substitute stringer, kips per 

square inch 

O2 stress in nain continuous stringer, kips per square 
inch 

stress in discontinuous substitute stringer, kips 
per square inch 
^rib stress in rib, kips per square inch 

a average stress in net section, kips per square inch 

Tj shear stress in continuous substitute panel, kips 

per square inch 
Tg shear stress in discontinuous substitute panel, kijjs 

per square inch 
Superscripts on stresses denote forces producing the 
stresses. Subscript R denotes stress occurring at rib 
station. 

Tensile stresses in stringers are positive. If the 
center line of cut-out is fixed, positive shear stresses 
are produced by a tensile force acting on At . 

Simplified Three-Stringer Ivlethod 

A principle for the effective use of substitute 
stringers v/as stated in reference 5 substantially as fol- 
io vv^s : 



Leave the structure intact in the region of the stringer 
about which the most important actions take place, and 
replace the stringers av/ay fron this region by substitute 
stringers. In a panel v/ith a cut-out, the most important 
action takes place around the main stringer bounding the 
cut-out. In accordance with the foregoing principle, the 
three- stringer method is based on retaining the main 
stringer as an individual stringer in the substitute 
structure; one substitute stringer replaces all the remaining 
continuous stringers, and another substitute stringer re- 
places all the discontinuous stringers. The three-stringer 
substitute structure obtained by this procedure is shov/n in 
figure 2, which summarizes graphically the salient features 
of the met?aod. The figure shov/s the actual structure, the 
substitute structure, and the dis ti'ibution of the stresses 
in the actual structure. 

The maximum stringer stress as well as the maxim.um 
shear stress occurs at the rib station. The forr.ulas given 
hereinafter for the stresses at the rib station and in the 
net section are based on the exact solution of the differ- 
ential equations presented in appendix A. The formulas 
derived from, this exact solution for the stresses in the 
gross section are somewhat cumbersome and are therefore 
replaced here by formulas that are based on matliematical 
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approxinations of sufficient accuracy for design work 
(appendix B) . The use of these approxinations is the 
reason for calling this method the simplified three- 
stringer method. 

Stresses at the rib station in the substitute 
structure > - The stringer stresses at the rib station are 



a 



G2^ - 0^1 -f RG^j (2) 

where the factor C^, for a cut-out of zero length, is 
obtained from figure 3 and the factor R, v/hich corrects 

for leiigth of cut-out, is obtained from figure 4. 
For practical purposes, the parameter B appearing in 
figure 4 may be assuraed to equal unitj^. (3ee appendix A.) 
The length factor R depends, therefore, chiefly on the 
parartcter K-L. This par ammeter is roughly equal to L/a 
for usual design proportions; in other words, the length 
effect can be related more directly to the length-v/idth 
ratio L/a of the net section than to the proportions of 
the cut-out itself. 

The running shear in the continuous panel at the rib 
station is 



1 *5 



(3) 



The running ?hear in the discontinuous panel at the rib 
station is 

TQ,,tp - oAo TT 1 + RC^ + -tr- ) (4) 



in vrhich the factor D nay be obtained fron figure 5. 

The stresses Oc. and are the maximuin values of 

^R 

and Tg, respectively, and are the iriaxinun stresses in 
the panel. The stress o-^ reaches its maxinuin at the 
center line of the cu.t-out. The stress T]_ reaches its 
m.axin\ra in the gross section at the station where 

^1 ^ ^2 7^ ^o- 

Stresses in the net section of the substitute structure . 
The formulas for the stresses in the net section are ob- 
tained fron the exact solution (appendix A) . At a dis- 
tance X frori the centei' line of the cut-out, the stresses 
in the continuous stringers are 

_ / RCqAo cosh K-ix\ 
^1 - - — cosh K-L^ 



As the lenp-th of the cut-out - or, more precisely, the 



cosh ix^x' 
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length of the net section - increases, the narnitucle of the 
parameter K^i^L increases and. the stresses and 
conver(]e tov/ard the average stress a in the net section. 
The running shear in the net section is 



and decreases rapidly to zero at the center line of the 
cut-out. 



structure , - The stresses in the gross section can be obtained 
from the exact solution given in appendix A, but the for- 
mulas are too cumbersome for practical use. A simple ap- 
proxlm.ate solution can, however, be derived (appendix 3) 
that gives good accuracy in the immediate vicinity of the 
cut-out and reasonable accuracy at larger distances from the 
cut-out. The approximate solution assuiiies the differ- 
ences betv/een the stresses at the rib station and the 
average stresses in the gross section to decay exponentially 
with rate-of -decay factors adjusted to give the initial rates 
of decay of the exact solution. 

The stress in the cut stringer by the approximate 
solution is 



sinh KnX 




Stresses in the gross section of the substitute 




(5) 
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The stress in the main stringer is 

02 = Oq + (a2p^ - o^)e (6) 

The stress in the continuous stringer 1 follows frori 
statics and is 



A 



^1 = ^o + if C^o - ^2) + Al ('^o - ^S) (^7) 
The running shears in the sheet panels are 

-^2^2 = ^2h'^2 

3tre5^se^ in the actual structure By the basic prin- 
ciples of the substitute structure, the stres.'=:es in the main 
continuous stringer of the actual structure are identical 
with the stresses in stringer 2 of the substitute structure: 
the total force in the remaining continuous stringers of 
the actual structure is equal to the force in stringer 1 of 
the substitute structure, and the total .Xorce in the cut 
stringers of the actual structure is equal to the force in 
stringer 3, 

In the shear-lag theory for beams without cut-outs 
(reference 1), the force acting on a substitute stringer 
is distributed over the corresponding actual stringers on 
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the assimption that the chordwlse distribution follows a 
hyperbolic cosine law. Inspection of the test data for 
panels v/ith cut-outs Indicated that neither tliis nor any 

CO 

VO 

j/^ other simple assumption fitted the data on the average as 

well as the assumption of uniform distribution. It is 
therefore recommended, for the present, that the stresses 
in all continuous strin{;ers other than the main stringer be 
assumed to equal a-]_ and that the stresses in all cut 
stringers be assmned to equal a^^. (See fig. 2.) The 
validity of these assumptions will be discussed in con- 
nection with the study of the experim.ental data. 

Again, by the principles of the substitute structure, 
the shear stresses t-, in the substitute structure equal 
the shear stresses in the first continuous sheet panel 
adjacent to the main stringer. In order to be consistent 
with the assumption that the chordwise distribution of the 
stringer stresses is uniform, the chordwise distribution 
of the shear stresses should be assumed to taper linearly 
from. to zero at the edge of the panel (fig. 2). 

Similarl;/-, the chordwise distribution of the shear 
stresses in the cut sheet panels should be assumed to 
vary linearly from adjacent to the main stringer to 

zero at the center line of the panel. Inspection of the 
test data indicated that this assumption does not hold very 
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v/ell in the imnediatn vlcln.lty of the cut-outs. The dis- 
crepancy is of some practical importaiice hecau.^^e the maxi- 
mum stress in the rib depends on the chordv/ise distribution 
of the shear stress at the rib. By plotuin^ experimental 
values, it was found that the law of chordv/ise distribution 
of the shear stress t.--. at the rib station could be approxi 
mated quite well by a cubic parabola. The effect of this 
local variation may bo assvimed to end at a spanwise distance 
fromx the rib equal to one-fourth the full width of the cut- 
out. A straight line is sufficiently accurate to repre- 
sent the spanwise variation within this distance (fig. ^^') • 
If the stress To is distributed accordinp; to cubic 
law, the stress in the rib caused by the shear In the sheet 
is 



T o tr^b , > n 

a = 

rib Au^^ 



1 - (10) 



Modified Two-Stringer riethod 
The two-stringer method of analysis given in reference 
Is more rapid than, but not so accurate as, the three- 
stringer method previously described. It was found, how- 
ever, that somxe im.provements could be made, partly by in- 
corporating some features of the three-stringer method, 
partly by other modifications. 
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The nain features of the modified tv;o-s trln?;i;er .method 
are surfiniarised in figure 5. The cut stringers are re- 
placed by a sinr*le substitute stringer; and all the uncut 
stringers, including the main one, are also replaced by a 
single stringer. Contrary to the usual shear-lag method, 
however, the stringer substituted for the continuous 
stringers is located not at the centroid of these stringers 
but along the edge of the cut-out. The substitute structure 
is used to establish the shear-lag parameter K, v/hich 
determines the maximum shear stress, the spanwise rate of 
decay of the shear stress, and the spamvise rate of cliange 
of stringer stress. The maximurn stringer stress must be 
obtained by an independent assumption, because a single 
stringer that is substituted for all continuous stringers 
obviously cannot give any indication of the chordv/ise 
distribution of stress in these stringers. No solutions 
are obtained by the tv/o-s tringer method for the shear 
stresses in the continuous panels, either in the net 
section .or in the gross section. 

Stresses in the substitute structure ,- Throughout the 
length of the net section, the stress in the main stringer 
is 

02ri = a fl + 2R(G - 1)1 (H) 
where G is the stress-concentration factor derived in 
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reference 2. Values of C may be obtained from figure 7, 
which is reproduced from reference 2 for convenience. It 
may be remarked here that reference 2 placed no explicit 
restriction on the use of the factor C; v/hereas the use in 
formula (11) of the correction factor 2R, which varies from 
2 for short cut-outs to 1 for long cut-outs, implies th^t- 
the factor C by itself should be used only when the net 
section is long. 

In the gross section, the stress in the main stringer 
decreases with increasing distanc'e from the rib according 
to the formula 

The stress in the discontinuous substitute stringer is 

a.3 rr ao(l - e-'^^^ (15) 
The stress c-^ may be obtained by formula (7) when and 
are known. 

The running shear in the discontinuous panel is given 

by 

T2t2 = - a^AgKe-^^^ (14) 
Stresses in the actual structure .- The stresses in the 
actual structure are obtained from the stresses in the sub- 
stitute structure mider the same assumptions as in the 
three- stringer method. 
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EXPERIMENTAL VERIFICATION OP FORMULAS Al^ID 

COMPARISON OP METHODS 

^ Test Specimens and Test Procedure 

CO ^ 

V In order to obtain experimental verification for the 

formulas developed, a- large skin- s trin^rer panel v/as built 
and tested. The panel was slm.ilar to the one described in 
reference 2, but the scope of the tests v-as extended in two 
respects: Very short cut-outs were tested in addition to 
cut-outs of average length, and shear stresses as well as 
stringer stresses were measured around all cut-ovits. 

The general test setup is shovm in figure 8. A setup 
of strain gages is shown in figure 9- The panel was made 
of 243-T aliominum alloy and was 144 inches long. The 
cross section is shown in figure 10(a); figure 10(b) shows 
for reference purposes the cross section of the panel tested 
previously (reference 2) . Strains were measured by 
Tuckerman strain gages with a gage length of 2 inches. 
The gages were used in pairs on both sides of the test panel. 
Strains were measured at corresponding points in all four 
quadrants. The final figures are drawn as for one quadrant; 
each plotted point represents, therefore, the average of 
four stations or eight gages. 

The load was applied in three equal increments. If 
the straight line through the three points on the load-stress 
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plot did not par.s through the orirln, the line was shifted 
to pass through the origin; however, if the neces.^:«ary shift 
v;as more than 0.2 kip per square inch, a new set of read- 
ings was taken. 

An effective value of ^.'omig's modulus of 10, Id x 10- V^ips 
per square inch v/as derived, by measuring the strains in all 
stringers at three stations along the spaji before the first 
cut-out v;as nade . This effective nodulus nay be con- 
sidered as including corrections for the effects of rivet 
holes, • average gage calibration factor, and dynamometer 
calibration factor. The individual gage factors were 
known to be v/ithin ±j percent of the average. 

The average strain at an^^ one of the three stations 
in the panel without cut-out did not differ by more than 
0.05 percent from the final total average. • The m.aximun 
deviation of an individual stringer strain from the 
average was 5 percent; about 10 percent of the ].->oints 
deviated from, the average by m.ore than 3 percent. A 
survey v/as also made of longitudinal and transverse sheet 
strains at one station near the center. The average 
longitudinal sheet., strain differed from the average 
stringer strain by 0.05 percent. The average transverse 
strain indicated a Poisson^s ratio of 0,525. 
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Discur?sion 

The results of tlie tests are shown in figures 11 to 33. 
Calculated curves are given both for the exact three- 
stringer method and for the simplified three^s tringer method. 
It may be recalled that either method assumes that the 
stresses in all continuous strin^^ers except the main stringer 
have the magnitude a-[_ and in all cut stringers, the magni- 
•tude o^. Because the valu.es of C-^ and do not dif- 

fer very much for the two methods, the curves for them com- 
puted by the sim.plified method are drav/n only once in each 
figure. 

A qualitative study of figures 11 to 32 indicates that 
the stress distribution calcu.lated by the theory agrees 
sufficiently v:ell V;ith the experimental distribution to be 
accep table for most s cress-analysis pui^oses - in particular, 
the maximu:n r. tresses in each panel agree fairly well with 
the calculabcd ones. The most consistent discrepancies 
are chargeable to the simplifying assimiption that the 
stringer stresses are identical in all the stringers repre- 
sented by one substitute stringer. As a result of this 
assumxption, the calculated stresses tend to be too low for 
the stringers close to the main stringer and too high for 
the stringers near the center line and near the edge of the 
panel. The fact that the calculated stresses for some of 
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the cut stringers are lower than the actual j^^tresses is of 
little T:»ractical importance because these stringers would 
probably be designed to carry the stress rather than 

the actual stresses. On the uncut stringers, hov/ever, 
it nay be necessary to allow some extra margin in the 
stringers near the main one* Aside from the consistent 
discrepancies just noted, figures 11 to 32 show that the 
stresses in the main stringers sometimes decrease spanwise 
more rapidly than the theory indicates* It is believed 
that this discrepancy also will seldom be of any consequence 
in practical analysis. 

Of paramount interest to the analyst are the maximum 
values of the stresses. The quantitative study of errors 
in the maximwa stresses is facilitated by table 1. The 
highest stresses occur theoretically at the rib station 
but, for practical reasons, measurements had to be m.ade at 
some small distance from thivS line. The comparisons are 
made for the actual gage locations. The calculated values 
for the three-stringer method are based on the exact solu- 
tion but, in the region of these gage locations, the exact 
solution and the simplified solution agree v/ithin a fraction 
of 1 percent. 

The errors shown by table 1 for the nax:jnum stringer 
stresses computed hj the three-stringer method are but 
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little larger than the local stress variations that v;ere 
found experimentally to exist in the panel v/ithout cut- 
^ out. Presumably these ve.riations are caused largely by 
V failure of the rivets to enforce integral action of the 
structure. 

The errors in the maximiun shear stresses computed by 
the three-stringer method are consistently positive. The 
discrepancies are possibly caused by the sheet around the 
m.ost highly loaded rivets deforming and thereby relieving 
the m.aximum shear stresses. The errors are higher than 
those on the stringer stresses and corrections to the 
theory appear desirable in some cases. The criterion that 
determines the accuracy of the theory cannot be definitely 
established from, the tests. A rough rule appears to be 
that the error increases as the ratio of v/idth of cut-out 
to width of panel decreases. 

The errors given in table 1 for the two-stringer 
m^ethod shov/ that this method is decidedly less accurate 
than the three-stringer method for computing maxlm.um 
stringer stresses but that there is little difference 
between the two m.ethods as far as the computation of the 
maximum shear stresses is concerned. A general study 
of the two theories indicates that this conclusion drawn 
from the tests is jjrobably generally valid. It may be 
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recalled here that the two-stringer method gives no solu- 
tion for shear stresses in the continuous panels. 

Comparisons of the naxinurn observed rib stresses and 
the computed stresses are riven in table 2. Tv/o values of 
computed stress are shov/n. The smaller value v/as obtained 
on the assumption that the filler strips betv/een the ribs 
and the sheet were effective in resisting the load applied 
to the ribs; v/hereas the lar^rer value was obtained on the 
assumption that the filler strips were entirely ineffective. 
In figure 33, the chordv/ise variation of the observed and 
computed rib stresses is shov/n for three cut-outs. Because 
the chordwise distribution of shear stress in each sheet 
panel between tv/o stringers is essentially/- constant, rib 
stresses computed by form.ula (10) will be too small Y;hen only 
a few stringers are cut. The com.puted values of rib stress 
were therefore determdned by calculating the shear stress 
at the center of each panel according to the cubic lav/ and 
assuming this shear stress to act in the v/hole panel. 

The agreem.ent betv/een calculated and observed rib 
stresses is not all that could be desired. The discrepancy 
m.ay be attributed to the approximation used for determining 
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the shear stresse'" and the imcertainty of the effective 
area of the rih. 
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APPENDIX A 

PXACT SOLUTION OF THR^.F.- STRINGER STRUG TURT^S 
For a two- stringer panel constituting one half of a 
symnetrical structure, the application of the basic shear- 
lag theory yields the differential equation 

A - K^T = C (A-1) 

v;hlch is given in slightly different form in reference- 4. 
In the analysis of a slcin-s trin,n;er panel with a cut-out, 
a three- stringer substitute stru.cture is used, (See fig. 2.) 
Application of the basic equations of reference 4 to a 
three-stringer structure yields in place of the single equa- 
tion (A-1) the sinultaneous equations 



P > (A-2) 
T - K2 T2 + K4T1 = 0 



On the slnplifying assum.ptioR that the panel if verj long 
and that it is unifo?T.ily loaded by a r;tress at the 

far ends, the general solution of the equations (A-2) is 

= CT^e + Coe ^ (A-3) 

Tg . \ ^ - • Jo^e / + 1^— ycoe - (..-4) 

in v/hich c^ and Co are arbitrary constants. 
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Because the r.tructure is assujned to be symmetrical 
about the longitudinal as well as the transverse axis, 
tlie analysis nay be confined to one quadrant as shov/n in 
figure 34(a), The analysis can be simplified somewhat by 
severing the structure at the rib and considering separately 
the net section and the gross section. The solutions for 
the two-stringer structure representing the net section can 
be obtained from reference 4, The solutions for the 
three-stringer structure representing the gross section are 
obtained conveniently by considering two separate cases of 
loading. In the first case, stresses Oq are assumed to 
be applied at the far end, and the stresses at the rib 
station are assumed to be uiaifori'i and equal to the average 
stress a necessary to balance the stresses o ^ . The 
forqes at the rib station existing in the strixigers are 
called the Q-forces (fig. 31:(b)). In the second loading 
case, a group of two equal and opposite forces is assLutied 
to load the stringers 1 and 2 at the rib station. These 
forces are called X-forces (fig* 34(c)). 

In the net section the boundary conditions are as 
follows : 
At X = 0, 

T]_ 0 (from symmetry) 



\ 



At x = L , 



The 3ubs titration of these conditions in the solution of 
equation yields 

Y Xt^Kt sinh KtX 

1 t;^ cosh K]_L 



cosh 7.-\X 
A-1 cosh K-j^L 



X-p cosh KnX 
^ Ag cosh IV ih 

The superscript X indicates that the stresses are those 
caused by the action of the X-forces. In order to obtain 
the total stresses, the average stress o nust be added 
to J-^'^ or ^o"^* -he shnar stress t-^-^^ 3.3 the total 
stress because the uniforLi stress a is not accorapanied by 
any siie a r s t r e s s . 

V^hen the Q-forces are applied to the ^ross section, 
the bo^ondaiy corAlibions at x ~ 0 are 
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CO 

I 



Applying these conditions to equations (A-3) and (A-4) gives 
the following solutions for stresses: 



^1 - ti 



- 



(Ki^ 



K3 



(A-8) 



(A-9) 



'2 



Q 



to I p 

^ _L i-^ \ Cj 



to 6 

1- 



p 



1 - 



(A-10) 
^2 l/^l ■ H ) 



t^Kj 



J 



^2^2 



3 



^3 



The superscript Q indicates that the stresses are those 
caused by the action of the Q-forces. 

The boundary conditions due to the application of the 
X-forces are, at x = 0, 

^1 = - AJ = ^ ^3 = 0 

and the corresponding equations for stress are 




(A-11) 
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To 



tl 



(Pi ^ P2) - ^1^) CPs.^ (J^i^ - ^2^) -^2^ 



Ai 



(A-I2) 



(Pi 



^2. 



P2; 



1 - 



t2 6'1^^ - X.!.^) 



^'l-'^3 



J. u 



r 



^^x,-b^2Kpi-^p2) ^p5^P 4; 0^1-^2^ ^-x, 

■■^'^3^1 1. ^1 ^2 % 



If the sliear stralr-.is in the net section .and In the 
gross sectioii, which are detemined froin. equations (A-F^), 
(A-8), and (.'.-11), are eqi:.ated at the rib, the f ollov/ing . 
relationship boLv/een Xn and ^3 results: 



V .L 



1^1 uci 



ann a 



— H2 CA-1?) 



For th-o cut-out of zero length, L - C, ■ equation (A-13) 



2 -6 



".,7tA^2 - ^0^2 
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For any length of cut-out , 

^ ^^'^ 1 ^ 3 tanh KiL = "^sCoH 

v/here 

Kt^ + Ko^ + 2K 

Values for Cq can be obtained from figure 2. In 
figure 4, the factor R is plotted for variour; values of 
K-jJj and 3. The value of B nay be assui.ied equal to 
ujiity v/ith little loss in accuracy in the determination of 
stress; but, if a more exact solution is desired, the actual 
value of B r.ay be computed and the curve in figure 4 cor- 
responding to this value used. 
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APPSJIDIX B 



SIMPLIFIED SOLITTIOII OP THREE- STRINGER STRUCTURES 
The solutions for the stresses in the gross section 
given in appendi:: A are too involved for practical use, and 
a simplified riethod v/as developed. This method assunes 



To , obtained "by the exact solution, and the corresponding 
^R * 

average stresses in the gross section decay exponentially 
v/ith rate-of -decay factors adjusted to give initial rates 
of decay equal to those of the exact solution* These 
rates can be written siriply in terms of the stresses at 
the rib and the properties of the panel. The solutions 
for o-^ and t-^ are then derived from the solutions for 
O2 and o J . 

If it is assumed that the stresses in the cut stringer 
can be expressed by 



that th 



e differences between the values of o 




and 



3 r-. oji . o"^^) 



then 



da,. 




dx 



but, from the basic shea 



lag theory. 



Tot,;,, 




(B-1) 



dx 



Therefore, at x = 0, 
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The stress in the main continuous stringer can be 
approxiriated by 



which yields 



but, from the shear- lajr^ theory, 

dOo T.t-, Toto 



dx Aq A 



2 



Therefore, at x = 0, 



The value of o-^ can be obtained by statics from 
and 0-7 and is 

A A 
If the value of Tg ia? assiuned to decay exponentially, 

then 



T Q - To e 



and 

dT 



2 ^ ^ -r-^x 



dx '^R^ 
but, from the shear-lag theory. 



dTo Q -r-^x 
dF " Ebi (^2 " " -''Sk^^S^ ^ 
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Therefore, at x = 0, 



iT5 



J. L 

The shear stresses in the continuous panel can be 
deteiT'.lned from the rate of change of a-j_. Frora the shear- 
lag theory, 

ax 

Differentiation of formula (E-3) yields 

da^ A.. dOr^ kr:, d^o 

dx ti-]_ dx A 2 ax 

Substitution of the derivatives (B-1) and (B-2) already 
obtained in (L-5) fuves 

da, Ao . ^ ^ A 



Finally, substitution of (3-G) in (B-4) yields 
^1^1 = -^Sj^tge - (T2Rt2 - -^Intl^e 



(B-6) 
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APPEflDIX C 
ITUJ.IirRICAL EXAMPLE 
Analysis by the Exact Three-Stringer Method 
The structure chosen for the numerical exanple is the 
16-stringer panel tested as part of this investigation. 
The particular case chosen is the panel with eight stringers 



cut and with a length of cut-out equal to 30 inches. This 

cut-out is the one shown in figure 8. The cross section 

of the panel is shown in figure 10(a). The basic data are: 

Ai, sq in 0.703 

A2, sq in 0.212 

A3, sq in 1.045 

tl, in 0.0331 

t2, in 0.0331 

hi, in 5.96 

h2, in , 7.56- 

L, in. 15.0 

These data yield the following values: 

K^= 0.01295 

K2^= 0.00944 
lU = 0.00995 
K4 = 0.00785 
K = 0.00564 



Prom these parameters follov^ the factors for the rate of 
decay, which are 

^1 -^/-i — = 0.1421 

2 V 2 



— ? 
- 4Ii 



0.0467 
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The conputations of stress may more easily be made in 
terms of the constants P^, Fo, P5, and P4, the values 



^. , _ _ z: 0.0305 



v/hioh 








-1. ^ / 


) _ 0.01205(0.01295 - 0.00218 




2 2\ 
"l" " ^2^ 


0.1421(0.02021 - 0.00216) 


I 




0.00995 X 0.007B5 




-1''^- ^2'"^) 


0.1421(0.02021 - 0.0C21G) 




- X^) 


_ 0.01295(0.01295 - 0.02021) 






0.0467(0.02021 - 0.00210) 






0.00995 X 0.00705 




0.0467(0.02021 - 0.00216) 


The 


reduced s 


trens-exce^s factor is 






- P.-. 


P. + ?o 

J, 


- P3 - P^ + K]_ tanh K3_L 
0.0927 - 0.0305 




0.0545 


+ 0.0505 + 0.1117 - 0,0927 + 



= 0.0545 



_ . = 0.0927 

- 4 - • 



With a force of 7.5 ki-ps act:'ng on the half panel. 



0.296 



Co = T7?M ~ •'^'•^^ kips As q In, 
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and 

A — 

0.tj..5 



^ = o"V:t = 8o21 kips/f^q in. 



Therefore, 

Xr = P-Co~Ao = 0.296 X 8,21 x 0.212 = 0.514 kip 

3tr9s.'J'=!o in tlie n^i: .?»''ti.on.~ The shear strens In the 
stibstltutft patLel of z.\b r.ec .■^.eor.lon is found by equation (A 



A. 



•T 



i t^ CO ',11 K-^L 



0.5? 4 X 0,1138 sinh 0.1138x 



O.Oicl cosh 1.707 



= - 0.620 sinh 0.1138x 



At the rib station, x - 15.0 and 

T]_ r: -0.620 sinh 1.707 = -1.65 kips/sq in. 
The strinper stresses are found by substituting in 
equations (A-G) and (A-7) and adding the average stress 

, - ~ cosh E^x _ 0.514 cosh 0.1138x 

^1 " ^ ~ A^ cosh E2.L ~ " 0.703 cosh 1.707 

= 8.21 - 0.257 cosh 0.1138X 



% cosh Kjx , . 0.514 cosh 0.1138x 
= a + r-^~T = 8.21 + 



A2 cosh K^L " 0.212 cosh 1.707 



= 8.21 + 0.850 cosh 0.1138x 
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The maxirrium stringer stress occurs in the main stringer at 
the rib, x ^ 15. The nearest gage location war, at 
X ~ 17^.5, where 

On - 0.21 + 0.850 co-h 1.536 = 8,21 + 2.05 = 10. 2C kips/sqir.. 

Stresses in the p;ross section .- The stresses in t}'ie 
gross section are obtained by adding the solutions for the 
stresses due to the X- and Q-forces. The shear stress in 
the continuous panel is obtained by adding equations (A-8) 
and (x\-ll) . The final solution thus obtained is 

At the rib station, x - 0 and 

T^p^ = 2.92 - 4.57 - -1.65 kips/sq in. 

This value of t-i checks the one previously obtained 
for this sane station in the net section. 

Substituting the constants in equations (A-9) and (A-IC) 
and combining gives 

At X ^ 1.50, the point of riaximuni observed shear stress. 
To - (-2.13) (0.809) (4.95) (0.951) ^ -6.32 kips/sq in. 
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The stress in the continuous substitute stringer is 
found by combining equations (A-10) and (A-12) . The 
final result is 

0^ = 3.82- o;97e-°--'^21x.^ ^ ^^^3^-0.0467:c 

Similarly, the stresses in the main stringer and in 
the cut stiringers are found hj adding t?ie proper values of 
the }L- and Q-stresses.. In the main stringer, 

0,,.= 5.32 .3.550-°-"''^^ . 1.26e-0-°*«''-"- 

and, in the cut stringOre, 

a, = 5.32 - 0.46e-°-"'^'- - 3.36e-°-°'*S''^ 

' Plots of the computed stresses in the panel for this 
cut-out are sliov/n in figures 22 and 3p. 

Analysis b^/ the Approximate Three-Stringer Method 
The basic data are the same as for the exact three- 
stringer method. Compvite 

op ' 

I'^l'^'^'c ' O.Ca.295 X 0.00944 



1:31:4 0.00995 X 0.00705 

K _ 0,J20664 _ ■ . 
" 0.00944 ~ ^Z'^- 

Prom f i{Ture .3, 

On = O.GOO 



= 1.565 
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Prom figure 4 for K-^L = 1.707 and the exact value of 
B = 1.10, there Is obtained R = 0.492. 

The stref5,<3es in the continuous strinf^ers at the rib 
are, by fomulas (1) and (2), 



a, = 8.21 

ir 



1 - (0.492) (0.600) (o^Yos) ] = ^7.48 kips/sq 
Op = 8.21 fl + (0.492) (0.600)"] = 10.63 kips/sq in. 



m , 



The running shear in the continuous panel at the rib 
is, by formula (3), 
T-, tT = -8.21 X 0.492 X 0.600 x 0.212 x 0.1138 tanh 1.707 
- -0.0547 kip/ixi. 
The maximum running shear in the cut panel is computed by 
formula (4). The value of D is obtained from figure 5; 
with K = 0.00664 and K-l^ + Kg^ - 0.02239, D = 0.189 



ana 

Tgj^tg = -8.21 X 0.212 X 
= -0.234 kip/m. 



TM0.492)(0.600)-.§l§|f|] 



To - _ .2j2£4 _ _7, 08 .kips/sq in. 
0.0331 ^ ' 



The stresses in the net section are computed as for 
the exact solution. 
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The rate-of -decay factors for the stresses in the pro 
section can now be computed 

T O Cr^ 

A^Oo " 3.82 X 1.045 " ^-^^^^ 



^2 



To to - T-, t-i 

1r -0.234 + 0.035 



i\o{0o,, - a_) 0.212(10.62 - 3.82) 



0.1236 



I,, = . "jS- = . ^.:mjL^h^ = 0.075S 

LlDpTo^ 7.55 X -7.08 

The stress in the cut stringers by formula (5) is 



3 = 3.82 (l - e-'--^^5B7x) 



and in the main strinr^er by formula (G) is 

3.82 + 6.93e'^^*-'"^'''' 

The stress in the continuous strinr;er can be found by 
formula (7) . 

Tlie rianning r.hears are, by forinulas (8) and (9), 

^ ,^„, -0.0587X ^ ^ -0.1218X 
T-[_t-L = -0.234e + 0.179e 

^ -0.0755X 
T^t^ = -G.234e 

At X = 1.50, the point of maximiin observed shear stre; 

To to = -0.234 X 0.893 
- -0.209 kip/ln. 
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In the net section the stringer stresses are assumed to 
be constant and equal to the stresses at the rib. For the 
gross section, by formula (12), the stress in the main 



stringer is 



c>o - o . 8^ + 6 .Ooe 

and, by formula (13), the stress in the discontinuous 
stringers is 

0^3 ^ S.82(l - Q-O.ObQZ^^^ 

The stress in the continuous stringers may be found by 
using formula (7) . 

The running shear in the cut panel is, by formula (14), 

^2^2 = -5-82 X 1.045 x 0. 0585e""^^ • 
~ ^0,234e""^^-°^^^^^- 

At X = 1.50, the point of maximum observed shear stress, 

Tgto = --0.0234 X 0.916 
= -0.214 kip/in. 



and 



^ ^ 0.214 

To = ~ -r 



2 0.033i. 

= -S.47 kips/sq in, 
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TABLE 1 



COMPARISON OF OBSERVED AND CALCULATED MAXIMUM STRESSES 



> 
O 
> 













Stringer 


stresses 






Shear stresses 


Number of 
stringers 


Half- 
length 


Load 
on 


Observed 
maximum 


Three-stringer 
solution 


Two-stringer 
solution 


Observed 
maximum 


Three-stringer 
solution 


Two-stringer 
solution 


Total 


Cut 


cut-out 
(in.) 


panel 
(kips' 


stress 
(klps/sq In."* 


Calculated 
(kips/sq in.) 


Error 
(percent) 
(a) 


Calculated 
(klps/sq In.) 


Error 
(percent) 
(a) 


stress 
(kips/sq in.) 


Calculated 
(kipa/sq In.) 


Error 
( percent) 


Calculated 
(kips/sq in.) 


Error 
(percent) 
(a) 














16-3tringer test panel, length 


= 144.0 in. 








16 
16 

^ 16 
16 
16 
16 

16 
16 


2 
4 

6 
8 
8 
8 
10 
12 


1.5 
1.5 
1.5 
1.5 
8.0 
15.0 
15.0 
15.0 


15.0 
15.0 
15.0 
15.0 
15.0 
15.0 
15.0 
15.0 


6.82 
8.69 
10.71 
13.20 
11.00 
10.37 
13.30 
19.61 


7.02 
8.86 
10.49 
12.33 
10.63 
10.26 
13.14 
19.34 


2.9 
1.9 
-2.1 
-6.6 
-3.4 
-1.1 
-1.2 
-1.4 


7.76 
8.52 
9.50 
10.90 
10.00 
9.85 
12.80 
19.43 


13.8 
-2.0 
-11.3 
-17.4 
-9.1 
-5.0 
-3.9 
-.9 


-2.97 
-4.19 
-5.34 
-6.55 
-6,00 
-5.90 
-7.20 
-9.41 


-3.91 
-5.03 
-5,90 
-6.68 
-6,40 
-6.33 
-7.62 
-9.77 


31,7 
20.1 
10.5 
1,9 
6.6 
7.4 
5.9 
3.9 


-3.86 
-4.71 
-5.47 
-6.47 
-6.47 
-6.47 
-7.73 
-9.80 


29.6 
12.4 
2.4 
-1.2 
7.8 
9.7 
7.4 
4.1 














15-stringer test panel, length 


= 141.6 in. 






15 

15 
15 
15 
15 




8.3 

O . V 

8.3 
8.3 
8.3 

, 8.3 


8.94 
8.94 
8.94 
8.94 
8.94 
10.85 


3.56 
4.74 
5.82 
7.08 
9.02 
5,83 


3.67 

* . f O 

5.71 
6.79 
8.36 
5.92 


3.2 
.4 
-2.0 
-4.1 
-7.3 

1.5 


4.60 
5.19 
5.72 
6.70 
8.23 
6.31 


29.5 
9.5 
-1.7 
-5.4 
-8.8 
8.2 














\ 

o 
5 

9 
b9 






















































































7- and 


8-fltringer test panels. 


length =62.5 


in. 








7 
7 
8 
8 


1 
3 
2 
4 


5.0 
5.0 
5.0 
5.0 


20.0 
20.0 
20.0 
20.0 


18.85 
29.40 
20.25 
30.60 


18o39 
27.96 
19.21 
27.91 


-2.4 
-5.3 
-5.4 
-8.8 


21.40 
29.00 
21.30 
29.60 


13.5 
-1.4 
5.2 
-3.3 


19.20 
12.40 
16.80 
8.60 


19.70 
12.80 
19.70 
10.60 


2.6 
3.2 
17.3 
23.3 


19.40 
13.50 
19.80 
10.20 


1.0 
8.9 
17.8 
15.7 














Average of absolute errors for 


all tests 






















3.4 




8.3 




11.2 




9.8 



Calculated - Obaerved 
Errors are observed ^ 



Area of main stringer increased. 
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TABLE 2 



COMPARISON OP OBSERVED AND GALCUL/.TED MAXIilUII RIB STRESSES 

[Load on panel, 15 kipsj 



Ilianber of stringers 



Cut 



16 
13 
16 
16 
15 
16 
16 
16 



2 
4 
6 
B 
8 
8 
10 
12 



Half-length 
cut-out 
(in.) 



1.5 

1.5 

1.5 
8,0 
15 = 0 
15.0 
15.0 



Observed 
s tresse s 
(kips/??q in.) 



1.57 
2.20 
2.73 
2.89 
4.50 
4.77 
5.49 
6.75 



Calculated 

stresses 
(kips/sq in.) 
(a) I (b) 



3.29 
4.42 
5.73 
3.32 
3.28 
4.48 
6.49 



3. 


.48 


1.94 


o 


.60 




.38 


o 


.91 


2 


.88 




.94 


r; 


.70 



^Filler strips ineffective. 
^Filler strips effective. 



t 

t 


^ A ^ A 

Mil 






1 1 


1 


1 








i 












! 




















1 














i 







1/ i I ^ i "i! ii I 1 



Figure 1.- Axially loaded pane], v/ith cut-out. 
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Figure 2 - Stress distribution around cut-out by three-stringer method. 
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(1 block = 10 divisions on 1/20 Engr . s cale) 




1.0 1.2 



3.2 3.4 3.6 3.8 4.0 
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Figure 3, - Graph for factor Cq 
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Figure 6.-5tres5 distribution around cut-out by modified two-stringer method. 
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Figure 7.~ Approxinnate stress-conceniraf ion factor C for stringer stresses (from reference 2). 2 
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Figure 10.- Cross sections of test panels. 
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Figure 1 1. -Stringer stresses in lb-stringer panel with 1 stringer cut and L-8.3inct^es. 
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Figure l^.-Sfringe!"- stresses in 6-stringer panol witt. 3slring-rscutand L"83 inches. 
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FiJ rel3.-5Yinger stresses in 15-stringer panel with b stringers cut and L=83 inches. 




urc 14. -Stringer s-resses in b-string^r panel with Tstringers and L-8.3lnche5. 
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Figure 16" Stringer stresses in lb-stringer panel with 9 stringers cut and L=8.3 inches. 
Heavy nnaln stringers. 
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Figure 17.- Stringer stresses in l6-stringer panel with 2 stringers cut and L=l.b inches. 
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Fig. ire 18.- Stringer str^^sses in l6-5trinqer panel v/ith 4 stringers cut and L=1.5 inches. 
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Figure 19. -Stringer stresses in 16-stringer panel with 6 stringers cut and L =1.5 inches. 
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FigLire 20.-5tringer stresses in lb-stringer panel wi+h 8 stringers cut and L=l51ncn9i. 
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Figure 22r5tringer stresses in l6-5tringer panel with 8 stringers cut and L=I6.0 inches. 
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Fig. 23 
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Rgure 23.-Stringer stresses in l6-5tringer panel with 10 stringers cut and L=I5.0 inches. 
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Figure 24.-Stringer stresses in 16 stringer panel with \Z stringers cut and L=6.0inciies. 
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Figure 25.-5i ieor stresses in 16-stringer pane! with 2 stringers cut and L= 1.5 inches. 
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Figure 26.-5liear stress-so in 16-stringGr pond with 4 sfi- inyors> cut ani L=l.5incre5. 
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Figure 27-5hear stresses in l6-5iringer panel witli 6 stringers cut and L=l.5 inches. 
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Figure 28.-5hear stresses in 16-stringer panel with 8 stringers cut and L=l.5 inches. 
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Figure 29.- Shear stresses in 16-stringer panel with 8 stringers cut 

and L = 8.0 inches. 
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Figure SOSheor stresses in l6-5tringer panel with 8 stringers cut and L=I5.0 inches. 
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Figure3lrShear stresses in 16-stringer panel witn IC stringers cut and L=I5.0 inches. 
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Figure 32rSheor stresses in 16-stringer panel with 12 stringer s cut and L=I5.0 inches. 
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Figure 33.- ZHxperireental and calculated rilD stresses. Panel load = 15 kips. 
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